Abstract-Investment planning in generation facilities is necessarily a multi-stage exercise, especially in the near future, since most of the power to be built is expected to be from renewable units and their investment costs are still subject to high uncertainty. For this reason, in this paper we propose a multi-stage generation investment model where the demand growth and the investment costs of generating units are uncertain. To tackle this problem, we use a linear decision rule (LDR) approach, which allows us to consider several decision stages while achieving appropriate computing times. Using the proposed LDR methodology, we analyze the outcomes of a number of planning strategies, including achieving a 90% renewable generation mix, a non-carbon mix, and a non-nuclear mix. Additionally, we compare the results with those obtained using a two-stage stochastic programming model within a rolling window framework.
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I. INTRODUCTION

A. Motivation and Approach
W
E consider the investment problem in generation facilities and adopt the view of a social planner that pursuing maximum social welfare seeks to identify the best investments alternatives, to be promoted among private investors that seek their individual maximum profit.
Investment planning in generation facilities is necessarily a multi-stage exercise. This is so because, in practice, decisions are made at different points in time and because uncertainty unfolds at every decision point. Thus, modeling the actual decision-making process under uncertainty by power practitioners requires a multi-stage setting. Moreover, financial risk control needs to embody the multi-stage nature of this decision-making process. To address this investment problem, we propose a multi-stage framework based on Linear Decision Rules (LDRs). Such framework is computational tractable for cases in which a multi-stage stochastic programming approach is clearly not. Moreover, from a mathematical viewpoint, an LDR approach is well adapted to a multi-stage decision framework with a large number of decision points. The price to be paid for using an LDR model is assuming linearity on decisions, that is, decisions are made linearly dependent on the uncertain parameters.
A key feature of the proposed LDR approach is its ability to accurately represent the actual multi-stage decision making that takes place for deciding investment in the power industry. Such multi-stage framework simply results in intractability if a conventional multi-stage stochastic programming model is used.
Models based on LDRs are somehow mathematically involved. Thus, in this paper we provide an intuitive description of the technique, avoiding as much as possible mathematical technicalities. The Appendices at the end of this paper provide the details of the conversion of a stochastic formulation into an LDR one.
Additionally, in order to validate the proposed LDR approach, we compare the results obtained with those obtained solving a two-stage stochastic programming problem under a rolling window framework, in terms of computing times and expected costs.
B. Literature Review and Contributions
In the technical literature, a number of models has been proposed to address investment problems in generating and transmission capacities in power systems [1] - [3] . Recently, the capacity expansion problem has been framed within a market environment and from the point of view of producers [4] - [7] . Most of these works adopt a static (only one investment decision) approach due to the high computational cost of multi-stage (multiple investment decisions) models. However, in the real world, investment decisions are always made in several stages as uncertainty unfolds over time.
Multi-stage decision-making problems in which the involved uncertainty is gradually disclosed as the decision-making process advances are frequent in practice [8] . From a modeling perspective, the mathematical formulation of these problems is challenging because it requires to represent precisely the dynamic aspects of the decision-making process and the involved uncertainty. Traditionally, multi-stage decision-making problems under uncertainty have been formulated as multi-stage stochastic programming problems [9] . However, there are few references in the technical literature of multi-stage stochastic capacity planning models in the power industry. Reference [10] proposes a multi-stage investment model where the uncertainty 0885-8950 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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of demand and costs is represented via scenarios and a risk measure is considered. However, the computational tractability limits the number of stages in those stochastic models. In such a situation, the LDR approach effectively approximates multi-stage stochastic problems under the assumption of linear dependency between decision variables and uncertain parameters. Using this approximation, the number of constraints and variables grows only linearly with the number of stages. As shown in [11] - [13] , this approximation performs well in practice and allows us to model precisely the decision-making process on generation expansion. Although the use of decision rules to solve problems under uncertainty was proposed long ago [14] , this technique has been received recently significant attention. Reference [11] uses the idea of establishing an affine relationship between the decision variables and the uncertain parameters under the framework of robust optimization. References [15] and [16] analyze the potential of applying linear decision rules to solve complex decision-making models such as multi-stage stochastic problems.
Considering the above framework, the contributions of this paper are threefold:
1) To propose a multi-stage LDR approach to the generation expansion planning problem. 2) To recast the proposed multi-stage LDR model as a computational tractable LP problem. 3) To analyze the outcomes on a number of planning exercises considering multiple decision points in time.
C. Paper Organization
This paper is organized as follows. Section II describes the stochastic multi-stage planning model and the uncertainty characterization. Section III provides the input data and the results of a realistic case study. In Section IV several conclusions are listed. Finally, in Appendix A the LDR approach applied in this paper is described, while in Appendix B the LDR-based final formulation is provided.
II. MODEL DESCRIPTION
A. Notation
The main symbols used throughout this paper are described below.
Indices and Sets:
Index of generating units, running from 1 to 
B. Stochastic Programming Formulation
In this section, we describe the stochastic problem that describes the multi-stage investment process. We assume that there are thermal units available in the current power system that are decommissioned during the planning horizon, and that it is possible to build renewable units to supply the demand needs and to achieve a renewable-dominated power system. The demand growth and the investment costs are considered uncertain.
The mathematical formulation of this problem is the following:
where is the set of optimization variables. Ξ is the expectation operator with respect to all uncertain parameters. The parameter vector Ξ comprises the uncertain parameters of the stochastic problem, which are the demand growth and the investment costs of generating units. Set includes the uncertain parameters considered between stages 1 and in scenario .
The variability of the demand and renewable power production throughout the year is considered through a set of operating points that relate the wind/solar power production and the demand throughout the network [17] . For each season of the year, an operating point provides spatially and temporally correlated information about the demand and the wind/solar power output in each node of the network. As customary in planning models, each stage corresponds to a typical year that may represent the operating conditions of several years. This approach has been previously used in planning models as reported in [10] and [18] . The time discretization is considered to be identical for each considered year.
The objective function (1a) is the expected total cost of the system comprising the annualized investment cost of building renewable units and the expected operating cost. Through the capital recovery factor , the investment cost is conveniently annualized taking into account the corresponding interest rate. The variable costs of generating units are assumed to evolve with time. Particularly, we assume that fossil fuel costs increase over time.
Constraints (1b) define the power balance, where the generated power must equal the consumed power in each node , stage and operating point . Constraints (1c) and (1d) limit the power generated by each thermal unit to its capacity throughout the planning horizon up to its decommissioning. On the other hand, the power generated by each renewable unit is limited to the power built up to stage , as enforced through constraints (1e)-(1g). Note that renewable units are units whose primary energy can be considered as renewable, whereas stochastic units are units whose outputs depend on stochastic natural sources such as solar irradiation or wind speed. For example, biomass and wind units are both renewable, but only wind units are stochastic. Particularly, the power generated by stochastic units (wind and solar PV) depends on the availability factor of the renewable source, represented by the parameter , which is defined for each wind and solar PV unit and operating point. The availability factor for CSP units, which are dispatchable, is denoted by and depends on the season of the year, . Constraints (1h) set the limits on the power that can be built for each renewable unit. Constraints (1i) limit the unserved demand while (1j) and (1k) limit the power flow through the transmission lines.
Additionally, constraints (1l) establish a minimum renewable capacity that has to be built at each stage. Constraints (1m) enforce the non-anticipativity in investment decisions. Finally, constraints (1n) establish the non-negativity of variables and . As it is customary in long-term investment models, reserve constraints are not considered, but a safety margin can be easily added to the considered demand profile to represent specific reserve needs. Similarly, as it is customary in long-term planning exercises, unit commitment is not represented in the proposed formulation, [10] and [18] - [20] .
C. Uncertainty Characterization and Decision Process
In the multi-stage investment model proposed in this paper, the uncertain parameters considered are the demand growth and the investment costs of generating units ( and ). The expected values and the variances of these uncertain parameters are considered to be known. Additionally, we assume that these uncertain parameters realized within the following intervals:
where and are the expected demand growth and investment cost of generating units, respectively, and and define the uncertainty level of each parameter in each stage. The values of the uncertainty levels and are selected based on historical data and future projections. Additionally, the temporal correlation of the uncertain parameters between stages is represented as:
where parameters , and establish the linear relationships between stages, and their values can be determined based on historical data.
The decision process for a given stage is the following: first, the investment decisions are made at the beginning of stage , which depend on the values of the uncertain parameters known up to stage ; once the power to be built is decided, the operating decisions (power generated by each generating unit) are made, considering the variability of the demand and the renewable power production.
To apply the LDR approach described in Appendix A, we assume linear relationships between the optimization variables and the uncertain parameters. As an illustrative example we point out expressions (4), which represent the "linear rules" that define the relationships between the generated power and the power to be built with the uncertain parameters:
where is a vector comprising the uncertain parameters ( and ), and and determine the number of components of vector considered known for the operating and the investment decisions in stage , respectively. The size of vector is determined as a function of the number of uncertain parameters ( and ) and planning stages . Observe that the investment decisions to be made at the beginning of stage only depend on those parameters whose uncertainty has been disclosed prior to stage . This ensures the non-anticipativity in the decision-making process.
The same rule is applied to the rest of the optimization variables contained in and the parameters defining problem (1). In this manner, the LDR approach restricts the space of optimal decisions to those that exhibit a linear dependence on the observed uncertain parameters. This is a reasonable simplification that entails a major computational advantage.
Following the procedure described in Appendix A, we derive the corresponding formulation of the LDR model of problem (1), which is provided in Appendix B. The proposed approach is applicable to linear programming problems as formulated in Appendix A, problem (6)- (8) .
In generic form, the model is:
(5a) subject to (5b)
The estimation of the approximation error of the linear decision rule approach is outside of the scope of this paper. [12] , [13] provide further information on how to estimate this error.
III. CASE STUDY
In this section, a realistic case study is considered. Its purpose is to analyze the steps required to transform a thermal-based power system into a renewable-dominated one, a non-nuclear one, and a non-greenhouse gas (GHG) emissions one, taking into account the uncertainty present in the investment costs and the demand growth, and using the LDR formulation included in Appendix B. 
A. Data
The network considered is based on the IEEE 24-node system [21] . There are 17 demands throughout the network and 34 transmission lines. The maximum demand per node and the characteristics of the transmission network are described in [21] . Table I provides the location, the variable cost and the capacity of the thermal units initially available. Then, we consider that the variable cost of combined cycle gas turbines (CCGT) increases 5% per stage.
To supply the future demand, up to 13 renewable units can be built. The renewable technologies considered are biomass, onshore wind ("WindON"), offshore wind ("WindOFF"), CSP and PV units. Their characteristics (location, investment and variable costs, and maximum power that can be built) are given in Table II . All these data are based on reports from the US Energy Information Administration (EIA) [22] and the National Renewable Energy Laboratory (NREL) [23] . We assume that the generating units built are operative for the whole planning horizon.
We generate operating points to represent the variability of the demand, and the wind and solar productions during the year. To generate demand, wind and solar data, we follow the procedure described in [18] . The system demand and the wind and solar power availabilities are represented using operating points based on historical data pertaining to the power system of Texas [24] .
We use hourly wind speed data available in [25] from 4 locations in Texas. To obtain hourly wind-power productions, we apply the power curve of a 2-MW wind turbine (Vestas V80/ 2000 with a hub height of 80 m) [26] . We use these data to characterize the wind power availability of the candidate wind units considered in this case study. Similarly, the solar power production of a hypothetical solar PV unit located in Texas is used to characterize the production of the considered candidate PV units.
On the other hand, the capacity factor of CSP units depends on the season of the year, and thus we consider two seasons, one cold and one warm. Finally, we use hourly demand data from ERCOT [24] to represent the demand level in each node of the network. Three demand curves are considered.
Considering the above, we point out that each operating point involves information on demand, wind power production, solar PV production and CSP production in each node of the network. The initial set comprises 8,760 operating points corresponding to the hours of a year.
To attain computational tractability, we apply a clustering technique to reduce the initial set of operating points maintaining the temporal and spatial correlation among the data [17] . We consider a final set of 100 operating points, 50 operating points per season.
We consider a planning horizon spanning from 2015 to 2055, and divided in 4 periods of 10 years each. Investment decisions can be made in years 2015, 2025, 2035 and 2045. The capital recovery factor at stages 1, 2, 3 and 4 is equal to 0.44, 0.33, 0.22 and 0.11, respectively. The minimum renewable capacity to be built in each stage must be greater than or equal to 2% of the initial capacity.
To represent the temporal correlation in the demand, we use historical data and projections of the demand growth in the power system of Texas [24] . Based on these data, we obtain that the values of parameters and are 0.0102 and 1.0042, respectively, and they are considered to be the same for all demands.
Moreover, we characterize the temporal correlation between stages for investment costs of renewable technologies based on the projections made by EIA [22] and NREL [23] . From these reports we conclude that it is likely that the investment cost of renewable technologies will decrease in the future, especially for immature technologies such as CSP and offshore wind units. Biomass, onshore wind and solar PV power are considered mature technologies. The values of parameters and per technology are those provided in Table III. Furthermore, Table IV provides the expected value and the uncertainty levels of the demand growth and the investment costs of mature (denoted by superscript 1) and immature (denoted by superscript 2) technologies in each stage, respectively. We use per unit values to represent the expected values of the uncertain parameters. Then, this per unit value is multiplied by the absolute value of the peak demand in each node and the investment cost of each generating unit.
Three different cases are analyzed: no GHG emissions (Non-GHG), no nuclear power (Non-Nuclear) and 90% renewable (90% R). Table V provides the stage at which each thermal unit is decommissioned in each case.
All cases are solved using CPLEX 12.6.1 [28] under GAMS [29] on a Linux-based server with 10 2.9 GHz processors and 250 GB of RAM. The considered linear optimization problem comprises 1,099,293 constraints and 1,964,209 variables.
B. Results
In this section, the results obtained from solving the 3 cases described above are provided. Table VI gives the computational time required to solve each case. Note that these times are adequate for planning exercises. Additionally, Table VII compares the number of variables and constraints comprising multi-stage investment models using stochastic programming and LDRs for different number of stages. In all cases, 100 operating points are considered. To estimate the size of the multi-stage stochastic programming model while keeping the coherence with the LDR approach, we consider 3 demand growth scenarios per stage: scenario high, in which demand growth takes the highest value of the interval defined through (2); scenario medium, in which the demand growth is equal to the expected value; and scenario low, in which the demand growth is the lowest value in the interval (2) . Similarly, two investment cost scenarios (high and low) per stage are considered for both mature and immature technologies. Therefore, the number of scenarios in the stochastic model for 2, 3, 4 and 5 stages are 3, 36, 432 and 5,184, respectively. We observe that the number of variables and constraints for the LDR approach do not increase as much as it does for the stochastic programming approach. This allows considering larger number of stages with a LDR approach. Table VIII provides the expected operating, investment and total cost and the expected capacity built for the three cases using the LDR approach. Comparing these three cases, we observe that the Non-GHG case is the most expensive option while the Non-Nuclear case is the least expensive one. However, the opposite occurs with the expected operating cost. The lowest operating cost is attained in the Non-GHG case since all CCGT and coal units with high variable costs are decommissioned. The highest operating cost is obtained in the Non-Nuclear case since nuclear units with low variable costs are decommissioned. The highest capacity is built in the 90% R case, which is not the most expensive option. In order to analyze the results obtained for different realizations of the uncertain parameters throughout the stages of the planning horizon, 7 situations are defined in Table IX . Each situation corresponds with a possible realization of the uncertain parameters.
In situation 1, we consider that all parameters take their expected values in each stage. In situation 2, the investment costs of all renewable units correspond to their expected values in each stage whereas the demand growth takes the maximum value within the uncertainty interval defined by . Situation 3 is similar to situation 2 but considering the minimum value of the demand growth. In situations 4 and 5, we consider the expected values of the demand growth and the investment cost of immature technologies, while the investment cost of mature technologies is the maximum and minimum, respectively, within the uncertainty interval. Similarly, in situations 6 and 7, the demand growth and the investment cost of mature technologies correspond to their expected values, whereas the investment cost of immature technologies are the maximum and minimum values, respectively. Fig. 2 depicts the total capacity built per technology for each considered situation in the three cases. In this figure, we observe that biomass and solar units are the best options to replace thermal units. Situations with low or high demand growth have significant influence on the capacity requirements, especially in cases where high capacity needs to be built. In the Non-GHG and 90% R cases, the difference in the total capacity built is about 1,000 MW depending on whether the maximum (situation 2) or minimum (situation 3) demand growth is considered. Therefore, predictions of the demand growth are crucial to determine the investment decisions.
On the other hand, due to the low variability in the investment costs of mature technologies, the solutions obtained for situations 4 and 5 are the same as those obtained for situation 1, where the expected values of uncertain parameters are considered. However, the evolution of the investment cost of immature technologies is comparatively more influential on the capacity built per technology. For instance, lower costs of offshore wind units result in building more capacity of this technology to the detriment of onshore wind capacity, whose capacity factor is comparatively lower. This fact is especially noticeable in the Non-Nuclear and 90% R cases.
C. Comparison of Results
As shown in Table VII , the size of a multi-stage stochastic programming formulation of the considered problem, whose required number of constraints and variables grows exponentially with the number of considered stages, prevents a direct solution. Therefore, in order to make a fair comparison of the results obtained using the proposed LDR approach, a classical twostage stochastic programming model is implemented within a rolling window framework. In this approach, the investment decisions associated with each stage are determined by solving a two-stage stochastic programming problem equivalent to (1), in which decisions made in previous stages are assumed to be fixed.
To maintain coherence with the LDR approach, the values of the uncertain parameters in each scenario are defined according to confidence intervals (2) and considering the values provided in Tables III and IV . Then, 3 demand growth scenarios per stage are considered: scenario high, in which the demand takes the highest value in the corresponding interval; scenario medium, in which the demand takes the expected value; and scenario low, in which the demand takes the lowest value in the corresponding interval. Similarly, 2 scenarios (high and low) per stage are considered for the investment costs of mature and immature renewable technologies.
In each stage, a number of problems is solved, which corresponds to the number of different investment decisions that can be made in each stage. Then, in each problem, 1 investment cost scenario per technology and 3 demand growth scenarios are considered. Therefore, in stage 1 one problem is solved. In stage 2, 12 problems are solved, since 4 investment cost scenarios (2 different scenarios per type of renewable technology) are considered for the 3 demand growth scenarios of stage 1. Following the same procedure, in stages 3 and 4 the number of problems solved are 144 and 1728, respectively. Please, note that in each problem the capacity built up to the corresponding stage, which has been decided in previous stages, is considered to be known.
For the sake of conciseness, we provide results related only to the 90% R case. Table X compares the execution time, the total expected cost and the total expected capacity built using the LDR approach and the two-stage stochastic programming approach within a rolling window framework (TS-RW). Table XI provides the total expected cost per stage for the two approaches. Comparing the execution times in each case, we observe that using the stochastic approach takes more than 3 times the time required using the LDR approach.
In terms of expected values, since the LDR approach provides an approximation to the initial model, expected costs are in general higher than those obtained using the stochastic approach, even though these values are similar. However, observe that the uncertain parameters in the two-stage stochastic programming approach are characterized by only a reduced number of scenarios, which may result in underestimating the total costs. Thus, the solution obtained using the two-stage stochastic programming model is adapted to the particularities of the considered scenarios, whereas the LDR approach provides a wide range of solutions since the uncertain parameters can take any value within the confidence intervals.
IV. CONCLUSION Regarding the modeling and the analysis, the following conclusions are in order:
• Power systems are expected to undertake an important transformation in the future mainly due to global warming and fossil fuel depletion. For this reason, capacity planning involving renewables is necessary.
• Multi-stage models provide an accurate representation of real-world decision making. However, the computational burden of multi-stage models generally lead to intractability. The LDR approach allows formulating multi-stage decision problems in an efficient manner while the uncertainty is properly represented. We show that this approach allows solving multi-stage investment problems within adequate computational times, while in terms of expected values, the solutions attained with two-stage stochastic programming and the LDR approaches are comparable.
• According to the results shown in this paper, a renewable-dominated power system with a small thermal capacity represents a sustainable yet economic option to reduce GHG emissions.
APPENDIX A LDR APPROACH
In this Appendix we describe the basics of the LDRs approach. We refer the reader to [12] , [13] for further details.
A. Multi-Stage Decision-Making Problem Under Uncertainty
Let us consider the following sequential decision-making problem formulated as a multi-stage stochastic problem:
subject to
where are the decision variables of problem (6)- (8), and are uncertain parameters, are deterministic parameters, and Ξ is the expectation operator with respect to all uncertain parameters. Observe that depends on the realization of the uncertain parameters and the decisions made prior to stage . Problem (6)- (8) is the generic formulation of a multi-stage stochastic problem in which decisions have to be made for each stage under the presence of the uncertain parameters and . Note that (1) is an instance of (6)- (8) .
The expected values of the uncertain parameters and are and , respectively. The bounds on the uncertain parameters are defined using uncertainty bounds as follows: (9) (10)
The decision-making process in problem (6)- (8) is the following: In first place, first-stage decisions are made in stage . These decisions are made before knowing the realizations of all uncertain parameters. Next, the uncertainty associated with the parameters of stage , is revealed. Using this information, the decisions in stage , are made. This process continues up to the number of considered stages . Observe that the non-anticipativity in the decision-making process is implicitly enforced. In other words, each decision at stage only depends on the information revealed of the uncertain parameters up to stage .
B. Concatenation Vector of Uncertain Parameters
In order to express the decision variables as a function of the uncertain parameters the concatenation vector is defined. This vector comprises all uncertain parameters. For convenience and without loss of generality, it is considered that the first element of this parameter is equal to 1, i.e., . Therefore, the parameter vector associated with problem (6)- (8) is the following: (11) Next, the decision variables and the uncertain and deterministic parameters are expressed as linear functions of vector . Considering problem (6)- (8) , the length of parameter is . is the subset of elements of whose values are known when decisions at stage have to be made, and is the number of elements in set .
1) Decision Variables: Decision variables are expressed as a linear function of the observed uncertain parameters as follows: (12) where is an auxiliary variable used to express the decision variable as a function of the parameter vector . As an example, the linear decision rules of the first and second stages decisions are as follows:
First stage:
Second stage:
Observe that the first-stage decisions do not depend on the realization of any uncertain parameter. This is because no uncertain parameter is revealed prior to the realization of first-stage decisions. Second-stage decisions only depend on the values of the uncertain parameters revealed prior to the time in which second-stage decisions are made, i.e., .
2) Uncertain Parameters:
The uncertain parameter is formulated using the auxiliary and deterministic parameter and parameter vector as follows: (13) In order to satisfy expression (13) , parameter is equal to 1 for all values of indicating the position of within vector , and 0 otherwise. For example, considering the elements of vector provided in (11), the auxiliary parameter used to express is equal to 0 for all values of but for , in which . 3) Deterministic Parameters: Deterministic parameters can be straightforwardly expressed in terms of . For instance, the deterministic parameter is expressed as a function of using the auxiliary parameter as follows:
Considering that , expression (14) is always satisfied if parameter is equal to for , being equal to 0 otherwise.
4) Uncertainty Bounds:
Finally, expressions (9) and (10) can be equivalently reformulated using the parameter vector as follows: (15) where:
. For the sake of clarity, we provide below an example with and . Then, the parameters and are:
C. Approximate Problem The formulation of the problem in which decision variables and uncertain parameters are expressed in terms of the parameter vector is the following: Ξ (18) subject to: (19) (20) Observe that and are deterministic and known parameters, whereas all uncertain parameters are contained in vector .
D. Reformulation of the Approximate Problem
The next step consists in removing the concatenation vector from problem (18)- (20) . To this end, the objective function and the constraints of the approximate problem are manipulated using basic algebra.
1) Objective Function:
Analyzing the objective function (18) , it can be observed that only vector is affected by the expectation operator. Considering this, the objective function can be equivalently expressed as follows:
where is a second order moment matrix which is equal to Ξ . Observe from (21) that the objective function is expressed in terms of deterministic parameters and the expected values and variances of each uncertain parameter, which are considered known.
2) Constraints: Regarding generic constraint: (22) and considering that vector is constrained by , Proposition 1 in [13] states that there exist parameters that allow to replace (22) by the following expressions: (23) (24) (25) Observe that the constraints of the approximate problem, (19) and (20) have the same structure as (22) . Therefore, (19) and (20) can be equivalently expressed using expressions (23) 
Additional variables and are used to remove parameter from the constraints of the approximate problem. Finally, observe that the problem above is a linear programming problem.
APPENDIX B FINAL FORMULATION
In this section, we provide the resulting formulation after applying the LDR approach described in Appendix A to the initial problem (1), taking into account that the uncertain parameters realize within the intervals described in (2) .
A. Objective Function
where is the set of the new optimization variables. Observe that parameters and are the new deterministic parameters representing the investment and operating costs of generating units, respectively. The same consideration has been adopted in the following constraints to represent the deterministic parameters of the initial model (1).
The resulting constraints of the LDR model are provided below. 
B. Power Balance
